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Quantum mechanically horizons are believed to be thermal in nature for a long time. The mi-
croscopic origin of this thermality is the main question behind our present investigation, which
reveals possible importance of near horizon symmetry. It is this symmetry which is assumed to be
spontaneously broken by the background spacetime, generates the associated Goldstone modes. In
this paper we construct a suitable classical action for those Goldstone modes, and show that all the
momentum modes experience nearly the same inverted harmonic potential, leading to an instability.
Thanks to the recent conjectures on the chaos and thermal quantum system, particularly in the
context of an inverted harmonic oscillator system. Going into the quantum regime, the system of
large number of Goldstone modes with the aforementioned instability is shown to be inherently
thermal. Interestingly the temperature of the system also turns out to be proportional to that of
the well known horizon temperature. Therefore, we hope our present study can illuminate an inti-
mate connection between the horizon symmetries and the associated Goldstone modes as a possible
mechanism of the microscopic origin of the horizon thermality.
PACS numbers:
I. INTRODUCTION: BMS SYMMETRY AND
GOLDSTONE MODES
Symmetry breaking phenomena is ubiquitous in na-
ture. Across a large span of physical problems in particle
physics, cosmology and condensed matter physics, it is
not only the symmetry, but it’s spontaneous breaking
also plays very crucial role in understanding the low en-
ergy properties. Symmetries in nature are broadly classi-
fied into two categories. A symmetry which acts globally
on the physical fields are called global symmetry. Most
importantly for each global continuous symmetry there
exists associated conserved charge which encodes impor-
tant properties of the system under consideration. An-
other class of symmetry which acts locally on the fields,
generally known as gauge symmetry, makes the descrip-
tion of the system redundant. Unlike global continuous
symmetries, gauge symmetry does not have associated
non-trivial conserved charge [1][2]. However, as com-
pared to the global symmetry the most striking property
of a global continuous symmetry lies in its spontaneous
breaking phenomena which plays very important role in
understanding the low energy behaviour of the system
under consideration. If a global continuous symmetry of
a system breaks spontaneously, associated Goldstone bo-
son mode emerges, whose dynamics will characterise the
underlying states and their properties of the system [3].
On the other hand breaking of gauge symmetry is inher-
ently inconsistent with the theory under consideration.
In the present paper, we will be trying to understand
the dynamics of the Goldstone boson modes associated
with a special class of global symmetry arising at the
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boundary of a spacetime with nontrivial gravitational
background. The generic underlying symmetry of a grav-
itational theory is spacetime diffeomophism which is a set
of local general coordinate transformation. Therefore,
diffeomrophism can be thought of as a gauge symmetry
of the gravitational theory. However, it is well known
that a gauge symmetry in the bulk acts as a non-trivial
global symmetry at the boundary. Therefore, even if
gravitational theory can be formulated as a gauge theory,
theory of Goldstone modes can still be applicable and in-
formation about the microscopic gravitational states may
be extracted from the boundary global symmetry. Sym-
metries near the boundary of a spacetime has been the
subject of interest for a long time [4]-[14].
One of the popular and important examples of such a
bulk-boundary correspondence is the well known global
Bondi-Metzner-Sachs (BMS) group [4–6] of transforma-
tion. BMS group is an infinite dimensional global symme-
try transformation which acts non-trivially on the asymp-
totic null boundary of an asymptotically flat spacetime.
The original study [5] was done on the asymptotic null
boundary of an asymptotically flat spacetime. Subse-
quently the analysis on another null boundary namely
the event horizon of a black hole spacetime has been stud-
ied [15]-[17]. The basic idea is to find out the generators
which preserve the boundary structure of a spacetime of
our interest under diffeomorphism. Usually, one encoun-
ters two types of generators, one is super-translation as-
sociated with time reparametrization and other one is
super-rotation associated with angular rotation. Over
the years it is observed that these generators can play
a crucial role in understanding the horizon entropy of a
black hole [18]-[28]. Since then there is a constant effort
to understand these symmetries and its role to uncover
the microscopic structure of the horizon thermodynam-
ics. Although there is no significant progress till now,
but the motivation is still there which led to some of the
recent attempts [29]-[35].
2Moreover in the series of remarkable papers [36]-[42] a
deep connection between ward identities associated with
the aforementioned BMS supertranslation symmetries
and Weinberg’s soft graviton theorem has been unrav-
eled. It is argued that the soft photons are the Goldstone
boson modes arising due to spontaneous breaking of the
asymptotic symmetries. Hence an equivalence has been
established between Wienberg’s soft photon theorem and
BMS symmetries [41]. More interestingly the same BMS
transformation is shown to be closely related with the
gravitational memory effect [38][43]. Subsequently same
effect has been shown to arise near the black hole horizon
as well [44].
In the present paper our focus will be on the Killing
horizon specifically in Rindler and Schwarzschild back-
ground. Those horizons behave like another null bound-
ary where bulk diffeomorphism acts non-trivially in terms
of BMS-like global symmetry [45] [46]. Associated with
those global symmetry on the horizon, black hole mi-
crostates have been conjectured to be played by the soft
hairs which are essentially the Goldstone boson modes as-
sociated with the symmetry broken by the macroscopic
black hole state [47]-[53]. Although the appearance of
Goldstone modes in the context of BMS symmetry exits,
its dynamical behavior has not been studied in a con-
crete way. It is believed that the dynamics of those modes
should play crucial role in understanding the microscopic
nature of the black holes. Having set this motivation, in
the present paper we will study the dynamics of those
Goldstone modes following the standard procedure.
In order to clarify and better understand the method-
ology of our calculation, in the first half of our paper
we consider Rindler space time with flat spatial sec-
tion. In the later half we consider the asymptotically
flat Schwarzchild black hole. Once we have a gravita-
tional background, we first identify the global symmetry
associated with the null boundary surface [15]-[17] [54]
imposing the appropriate boundary conditions. Bound-
ary conditions are such that the near horizon form of the
metric remains invariant after the symmetry transfor-
mation. However, macroscopic quantities such as mass,
charge and angular momentum characterizing the physi-
cal states of a black hole under consideration will change
under those symmetry transformation. Such phenom-
ena can be understood as a spontaneous breaking of the
aforementioned boundary global symmetry by the black
hole background. We, therefore, expects the associated
dynamical Goldstone boson modes. As mentioned earlier
in this paper we will study the dynamics of those Gold-
stone boson modes which may shed some light on the
possible microscopic states of the black holes.
II. RINDLER BACKGROUND
In this section we will consider the simplest background
and try to understand the symmetry breaking phenom-
ena as described in the introduction. The Rindler metric,
in the Gaussian null coordinate is expressed as
ds2 = −2rαdv2 + 2dvdr + δABdxAdxB . (1)
The Rindler horizon is located at r = 0. α is the accel-
eration parameter which characterizes the macroscopic
state of the background spacetime. Symmetry proper-
ties of the horizon can be extracted from the following
fall off and gauge conditions,
£ζgrr = 0, £ζgvr = 0, £ζgAr = 0 ; (2)
£ζgvv ≈ O(r); £ζgvA ≈ O(r); £ζgAB ≈ O(1) . (3)
Here, £ζ corresponds to the Lie variation for the diffeo-
morphism xa → xa+ ζa. The above conditions are satis-
fied for the following form of the diffeomorphism vector,
ζa∂a = F (v, y, z)∂v − r∂vF (v, y, z)∂r
−r∂AF (v, y, z)∂A . (4)
Note that in this case we have only one differmorphism
parameter F which characterizes the symmetry of the
Rindler horizon. Since for constant F , it essentially gives
the time translation, the general form of this time dif-
femorphsim which acts non-trivially on the r = 0 hy-
persurface, is called supertranslation. For details of this
analysis, we refer to [16, 17, 54].
In order to study the dynamics, let us first find the
modified metric which are consistent with the aforemen-
tioned gauge (24) and fall-off (25) conditions. Important
point to remember that the Lie variation of the metric
component in our analysis is defined up to the linear or-
der in ζa and hence we express the form of ζa (4) valid up
to linear order in F . Under this diffeomorphism vector
(4), the modified metric takes the following form:
g′ab = g
(0)
ab + hab
= −2rαdv2 + 2dvdr + δABdxAdxB
+
[
− 2r
(
α∂vF + ∂
2
vF
)]
dv2
+
[
− 2r
(
α ∂AF + ∂A∂vF
)]
dvdxA
+
[− 2r∂A∂BF]dxAdxB . (5)
In the above, g
(0)
ab is the original unperturbed metric (1),
whereas all linear in F terms are incorporated in hab.
Under the following supertranslation symmetry transfor-
mation,
v′ = v + F (v, xA) , x′A = xA − r∂AF (v, xA), (6)
we can clearly see the macroscopic state parameter α of
the original Rindler background transforms into
α→ α+
(
α∂vF + ∂
2
vF
)
. (7)
Therefore, this change of macroscopic state by the sym-
metry transformation can be understood as a breaking of
3the boundary symmetry of the Rindler spacetime [52]. As
F is the parameter associated with the broken symmetry
generator, following the standard procedure of Goldstone
mode analysis, we promote F as a Goldstone boson field.
However, all the measure will be done with respect to the
usual unprimed coordinate, and dynamics of the mode is
defined on the r = 0 hyper-surface.
A. Dynamical equation for F
As we have already pointed out, in order to compute
the action for F the natural and straight forward method
will be to expand the standard Einstein-Hilbert action
along with Gibbons-Hawking York (GHY) surface term
for the new perturbed metric (5) near the r = 0 surface.
The full action is defined as,
SF = 1
16piG
[ ∫
d4xδ(αr)
√
−g′R′ +
∫
d3x 2
√
h K
]
.(8)
Here R′ is the Ricci scalar calculated for the newly con-
structed metric g′ab (5) and g
′ is the corresponding de-
terminant. The second term is the GHY boundary term
defined on a arbitrary timelike hypersurface. K is the
trace of extrinsic curvature near boundary and h is the
induced metric on a timelike hypersurface. To under-
stand the dynamics of the modes associated with the un-
derlying horizon symmetry it would be natural to project
the action on the r = 0 hyper-surface. First we will com-
pute the action at arbitrary r, and then project the ac-
tion on the hyper-surface by using Dirac-delta function
in the first part of the proposed action. Whereas the
second term, the Gibbon-Hawking-York (GHY) term, is
first calculated on a r = constant surface and then the
horizon limit (r → 0) has been taken. In the Dirac-delta
function α(> 0) has been included in the argument to
make it dimensionless.
Now we are in a position to expand our proposed ac-
tion (30) in terms of the transformed metric (5). If the
background metric is gab = g
(0)
ab +hab, with hab as a small
fluctuation, in general the Taylor series expansion of the
action around background metric gab = g
(0)
ab can be writ-
ten as
S = S(g(0)ab ) + hab
( δS
δgab
)(0)
+ habhcd
( δ2S
δgabδgcd
)(0)
+ . . .
(9)
The first term of the above equation obviously does not
contribute to the dynamics. Given the background met-
ric to be a solution of equation of motion, the second term
vanishes as it is essentially proportional to the Einstein’s
equation of motion. Third term introduces the quadratic
action for the Goldstone field F . For our purpose of the
present paper, we will restrict only to free action for the
Goldstone mode which is at the quadratic order. All the
higher order in F -terms we left for our future discussions.
The first part of the action (30) takes the following
form:
S1 = 1
16piG
1
α
∫
d3x
(√
−g′R′
)
r=0
=
1
16piG
1
α
∫
dv dydz
[
− 6α2∂yF∂yF − 6α2∂zF∂zF
+ 4α∂vF∂
2
yF − 12α∂zF∂v∂zF − 6(∂v∂zF )2
− 12α∂yF∂v∂yF − 6(∂v∂yF )2 + 4∂2yF∂2vF
+ 4∂2zF (α∂vF + ∂
2
vF )
]
. (10)
As it is well known fact that the total derivative terms in
Lagrangian keep the dynamics unchanged, we can ignore
those terms here. Then one finds the reduced action as,
S1 = 1
16piG
1
α
∫
dv dydz
[
− 6α2∂yF∂yF − 6α2∂zF∂zF
−2(∂y∂vF )2 − 2(∂z∂vF )2
]
. (11)
Next we concentrate on the second part of the ac-
tion (30) which is GHY boundary term. Here the
trace of the extrinsic curvature of this boundary sur-
face K is given by K = −∇aNa, where Na is con-
sidered as the unit normal to the r = constant hyper-
surface. For metric (5), its lower component is given by
Na = (0, 1/
√
2r(α + α∂vF + ∂2vF ), 0, 0).Therefore in the
near horizon limit (r → 0), one gets the following form
of the action coming from the GHY term:
S2 = 1
8piG
∫
d3x
[
α+
(
α∂vF +
1
2
∂2vF +
1
2α
∂3vF
)
+
1
2α2
(
α2∂vF∂
2
vF + α(∂
2
vF )
2 + α∂vF∂
3
vF
+∂2vF∂
3
vF
)]
. (12)
The first term in the above expression is a constant, in-
dependent of F and the other terms in the first line are
purely total derivative in nature. Hence, they can not
contribute to the dynamics. For the rest of the terms,
one can easily show that those can be expressed as total
derivative in v which also have no effect in the required
dynamics. Keeping all these in mind we can discard the
above part of the action. Hence the final form of action
will be (11).
Note that the aforesaid action (11) contains higher
derivative terms of F . Therefore, the theory of Gold-
stone boson modes emerging on the boundary of a grav-
itational theory turns out to be higher derivative in na-
ture. However, if we want to trace back the origin of this
higher derivative action, it is from the diffeomorphically
transformed metric components which already contains
the derivative term. However, we will see those higher
derivative terme will be crucial for our subsequent discus-
sions on the horizon properties. This connection could be
an interesting topic to investigate further. However, one
of the important point here is that at the background
label system is not Lorentz invariant. The generalized
4Euler-Lagrangian equation, defined for higher derivative
theory, is:
∂L
∂F
− ∂µ( ∂L
∂(∂µF )
) + ∂µ∂ν(
∂L
∂(∂µ∂νF )
) = 0. (13)
With this the equation of motion is found to be
3α2∂2yF + 3α
2∂2zF − 2∂2y∂2vF − 2∂2z∂2vF = 0 . (14)
Since induced horizon geometry has flat spacial section,
we take the following solution ansatz for the above equa-
tion,
Fmn = fmn(v)
1
α
exp
[
i(my + nz)
]
. (15)
Hence the general solution for Goldstone mode would be,
F (v, y, z) =
∑
m,n
CmnFmn, (16)
Substitution of (15) in (14) yields
∂2vfmn(v) −
3α2
2
fmn(v) = 0 . (17)
Important point to note that every individual mode
(m,n), will follow the same equation of motion of a simple
oscillator in an inverted harmonic potential. The solution
will be,
fmn(v) = A exp
[
(
√
3/2)αv
]
+B exp
[
− (
√
3/2)αv
]
,(18)
for all m,n. In the above, A and B are arbitrary con-
stants to be determined. So far we talked about the
classical dynamics of the Goldstone mode. It is appar-
ent that the system is unstable because of the inverted
harmonic potential at least at the tree level Lagrangian.
We already know that the horizon is a special place in
the entire spacetime region, as any two hypothetical ob-
servers spatially separated by the horizon can never com-
municated to each other. Therefore, it would have been
unusual, had there been just simple stable free field like
Lagrangian for the Goldstone modes. The connection be-
tween these special nature of the horizon and emergence
of instability is the subject of study for a long time. Our
goal of this paper would be to shed some light on this
issue. Does the emergence of the inverted harmonic po-
tential has anything to do with the thermal nature of the
black hole horizon? Of course in order to understand this,
we need to go to beyond the classical regime. In the next
section we will try to make this connection considering a
recent proposal [55][56].
B. Thermal behaviour of the field solution
In this section we consider the quantum mechanical
treatment of the Goldstone boson mode discussed so far.
It has recently been conjectured that Lyapunov exponent
λ of a thermal quantum system, in presence of quantum
chaos, is bounded by the temperature T of the system
as λ ≤ 2piT/~ [57]. Based on this result further conjec-
ture has been made in the reference [56][58] which says
that a chaotic system with a definite Lyapunov exponent
could be fundamentally thermal by reversing the above
inequality. To justify the argument, one of the interest-
ing example the author has studied is the semi-classical
dynamics of a particle in an inverted harmonic poten-
tial1, and showed that the quantum correction induces
an energy emission by the particle under study obeying
thermal probability distribution. Therefore, the connec-
tion between the semi-classical chaotic system and the
thermal nature is emerged. Interestingly, for our present
system, each individual Goldstone boson mode behaves
like an inverted harmonic oscillator. Hence, the afore-
said connection between the thermal emission and the
semi-classical chaotic dynamics could be a potential rea-
son for the thermal nature of the black hole horizon.
Even more interestingly, every individual Goldstone bo-
son mode parametrized by (m,n) see the same inverted
potential, which may also indicate the universality of the
thermal nature of the horizon. Our present claim is ambi-
tious and exciting which needs detailed future exploration.
Hereafter we will quote the main result of the reference
[55][56]. The argument will be based on simply quan-
tizing the harmonic oscillator in the inverted harmonic
potential. From the mode equation (17), the associated
Hamiltonian H can be expressed as,
H = −~
2
2
∂2
∂2fmn
− 3α
2f2mn
4
. (19)
Hence, the Schro¨dinger equation for the wave function
Φ(f) becomes,
−~
2
2
∂2Φ
∂2fmn
− 3α
2f2mn
4
Φ = EΦ . (20)
Here E is equivalent to energy per mode. Even more in-
terestingly what is emerged from our present calculation
that all the modes with quantum number (n,m) are de-
generate with respect to E. This observation seems to
suggest that the horizon under study can carry entropy
because of those degenerate quantum states. However, in
order to have finite entropy, we need to have an upper
limit on the value of (m,n), which must be proportional
to the only scale available in the theory namely Planck
scale. Once we considers quantum mechanical correction,
the classical trajectories of the mode under consideration
will have finite probability of taking non-classical trajec-
tories. Such as for E < 0, and E > 0, a particular mode
1 The choice of the inverted harmonic oscillator stems from the
fact that the particle motion is unstable under this potential
and hence, at the classical level, any small perturbation can lead
induction of chaos in the motion (for example, see [59]).
5will have finite probability of transmission (T) through
and reflection (R) off the potential respectively. It is easy
to prove that the probability of this transition takes the
following Boltzmann form,
PT/R =
1
e
2pi
~
√
2
3α2
|E|
+ 1
=
1
eβ|E| + 1
. (21)
For details of this derivation in the case of inverted har-
monic oscillator, see [55]. It is clear from the above ex-
pression that for large absolute value of the energy E,
probability amplitude from classical path to quantum
transmission or reflection will be exp[−β|E|]. This prob-
ability amplitude can be easily attributed to a two level
system with temperature T , whose ground state is rep-
resented as the classical trajectories and excited state is
quantum one. The temperature of the system, in our
present case, can be easily identified as
T =
~
2pi
√
3α2
2
. (22)
Our naive analysis based on [55], shows that semi-
classical Goldstone boson dynamics can capture the well
known thermal behaviour of the horizon. Moreover, the
temperature turned out to be proportional to the accelera-
tion of the Rindler frame. This is an important observa-
tion as we know that the Rindler horizon is thermal with
respect to its own frame. In this case also the temper-
ature is proportional to α, known as Unruh temperature
[60]. However, the proportionality constant appeared to
be different. Another important outcome of our analysis
is the emergence of infinite number of degenerate states
which can be associated with the entropy on this horizon.
We will take up this issue in our future publication. The
microscopic origin of the horizon thermodynamics is a
subject of intensive research for a long time. Our present
analysis hints towards an important fact that the BMS
like symmetry near the horizon could play important role
in understanding the thermal nature and possible origin
of the underlying microscopic states of a black hole. Mo-
tivated by our analysis, in the subsequent section we will
discuss about the Schwarzchild black hole.
III. SCHWARZSCHILD BLACK HOLE
So far we have discussed about the dynamics of Gold-
stone boson mode in Rindler background. To this end
we perform similar analysis considering Schwarzschild
black hole background. The near horizon geometry of the
Schwarzchild black is again Rindler, however, with two
dimensional sphere at each point. Therefore, we expect
similar behavior of the Goldstone mode for this case as
well. As we go along we also notice the main differences
with flat Rindler case.
The Schwarzschild metric in Eddington-Finkelstein co-
ordinate (v, r, θ, φ) is expressed as,
ds2 = −(1− 2M/r)dv2 + 2dvdr + r2γABdxAdxB . (23)
The event horizon is located at r = 2M . M is the mass
of the black hole which characterizes the macroscopic
state of the background spacetime. Asymptotic sym-
metry properties of the horizon can be extracted from
similar fall off and gauge conditions for the metric com-
ponents,
£ζgrr = 0, £ζgvr = 0, £ζgAr = 0 ; (24)
£ζgvv ≈ O(r); £ζgvA ≈ O(r); £ζgAB ≈ O(1) .(25)
Here, £ζ corresponds to the Lie variation for the diffeo-
morphism xa → xa+ζa. The primary motivation to con-
sider the aforementioned conditions is essentially to pre-
serve the form of the metric under the diffeomorphism.
As has already been observed in our previous case, those
differmorphsim in turn renormalizes the state of the black
hole parameter such as mass M of the Schwarzschild
black hole. Similar to our previous analysis after solv-
ing the above gauge fixing conditions with the imposed
fall-off conditions, the diffeomorphism vectors turned out
to be,
ζa∂a = F (v, x
A)∂v − (r − 2M)∂vF∂r
+(1/r − 1/2M)γAB∂BF ∂A. (26)
Again we have one unknown function F which is iden-
tified as supertranslation generator. Under this trans-
formation the background metric takes of following form
[49],
g′ab = g
0
ab + hab
= −(1− 2M/r)dv2 + 2dvdr + r2γABdxAdxB
+
[
2M/r(1− 2M/r)∂vF − 2(1− 2M/r)∂vF
−2(r − 2M)∂2vF
]
dv2 +
[
− (1− 2M/r)∂AF
−(r − 2M)∂A∂vF + r2∂A∂vF (1/r − 1/2M)
]
dvdxA
+
[
− 2(2M − r)rγAB∂vF
− (1/r − 1/2M)(∂EFγDE∂DγAB
+ γAD ∂B(∂EFγ
DE))
]
dxAdxB . (27)
As has already been discussed for the Rindler metric with
flat spatial section, for the present case the modification
hab due to following super-translation,
v′ = v + F ; x′A = xA + (1/r − 1/2M)γAB∂BF, (28)
the macroscopic black hole state parameterM renormal-
izes to,
1
M
→ 1
M
+
1
M
(
∂vF + 4M∂
2
vF
)
. (29)
Therefore, this change of macroscopic state by the sym-
metry transformation can similarly be understood as a
breaking of the boundary super-translation symmetry
6with F as the broken symmetry generator. In a simi-
lar manner, we promote F as a Goldstone boson field
with the following action,
SF = 1
16piG
[ ∫
d4xδ(r − 2M)
√
−g′R′
+
∫
d3x 2
√
h K
]
. (30)
Here R′ is the Ricci scalar calculated for the newly con-
structed metric g′ab (27) and g
′ is the corresponding de-
terminant. Hence neglecting the total derivative term
from the Lagrangian, Einstein-Hilbert action S1 comes
out to be,
S1 = M
8piG
∫
dv dθdφ
[ −3
2(2M)2
csc θ∂φF∂φF
− 3
2(2M)2
sin θ ∂θF∂θF + 4 sin θ ∂vF∂vF
− 2 csc θ(∂v∂φF )2 − 2 sin θ(∂v∂θF )2
]
. (31)
Here the nonvanishing lower components of Na is given
by
Nr =
1√
f(r) − (2M/r)f(r)∂vF + 2f(r)∂vF + 2rf(r)∂2vF
,(32)
where f(r) = 1− 2M/r. Hence for GHY boundary term
the action can be expressed as,
S2 = − M
8piG
∫
d3x sin θ
[
1 + (∂vF + 2M∂
2
vF )
+ (2M∂vF∂
2
vF + 8M
2(∂2vF )
2 + 8M2∂vF∂
3
vF
+ 32M3∂2vF∂
3
vF )
]
, (33)
which is again either total derivative term as was the case
for Rindler space. The dynamics of the Goldstone mode
will be governed by S1, and equation of motion is given
by,
−8 sin θ∂2vF +
3
(2M)2
cos θ∂θF +
3
(2M)2
sin θ∂2θF
+
3
(2M)2
csc θ∂2φF − 4 sin θ∂2v∂2θF − 4 cos θ∂2v∂θF
− 4 csc θ∂2v∂2φF = 0 . (34)
In this analysis full metric has been considered. Since
we are interested in the near horizon symmetries, the
near horizon metric could be enough to obtain the same
result. For completeness, we explicitly demonstrated this
in Appendix A.
Since the action has the rotational symmetry, we can
take the following solution ansatz for Goldstone boson
mode in terms of spherical harmonic,
F (v, θ, φ) =
1
k
∑
lm
clmflm(v)Ylm(θ, φ), (35)
with clm are constant coefficients and flm are the time
dependent mode function. This is consistent with the
spherically symmetric Schwarzschild geometry. The fac-
tor 1/k = 4M is introduced for dimensional reason. Sub-
stituting the form of F (35) in (34) we get following equa-
tion of motion for flm(v)
[l(l+ 1)− 2]∂2vflm −
3
16M2
l(l + 1)flm = 0. (36)
Since the near horizon geometry of the Scwarzchild black
hole is Rindler with sphere as spatial section, one no-
tices some significant differences in the mode dynamics
governed by eq. (36) and that of the previous case in
eq.(17). Most importantly, for spatial spherical geome-
try the effective potential perceived by every individual
mode parametrized by (l,m) is no longer universal but
dependent upon the angular momentum l. Before we
discuss the implications of this dependence, let us take a
look at the behaviour of individual modes.
• For l = 0 mode, the equation reduces to,
∂2vf00(v) = 0 . (37)
The solution of the above equation is f00 = c1v +
c2. By choosing c1 = 0, this s-wave mode becomes
trivially constant.
• For l = 1, the associated mode becomes identically
vanishing, f1m = 0. This seems to suggest that
at the linear level, the p-wave dipole excitation can
not be a microscopic state of a black hole. This
may have some intimate connection with the non-
existence of gravitational dipole radiation, which
needs further exploration.
• For all remaining modes l ≥ 2, we get the in-
verted harmonic oscillator potential similar to our
previous case. One important difference is the an-
gular momentum dependence of the inverted har-
monic potential. Therefore, the universality of all
the modes with respect to their time dynamics is
lost as opposed to our previous study in Rindler
metric with spatial section. However, it can be
checked that numerically the inverted potential de-
pends very weakly on the value of l, which we will
discuss in terms of temperature in the next subsec-
tion. Nonetheless, the mode equation looks likes,
∂2vflm − k2Ω2flm(v) = 0 , (38)
where,
Ω =
√
3l(l + 1)
(l(l + 1)− 2) . (39)
The general solution can be written as,
flm(v) = A exp(Ωkv) +B exp(−Ωkv) . (40)
7Hereafter we can proceed along the same line as discussed
before. Important difference would be the state depen-
dent inverted harmonic potential
Vharmonic = −1
2
Ω(l)2k2f2lm . (41)
Therefore, strictly speaking for the present case degen-
erate states will be only for m within (−l, l). However,
let us point out that if we consider numerical values into
consideration, the value of Ω is confined within a very
narrow region
√
6
2
< Ω(l) <
√
9
2
. (42)
Hence, one can approximately consider all the quantum
states of the Goldstone boson parametrized by (l,m) with
l ≥ 2, are quasi-degenerate. Unlike the previous case for
the Rindler spacetime with flat spatial section, the emis-
sion probability for the present case would be identified
with Boltzmann distribution with temperature,
Tl =
~
8piM
Ω(l), (43)
which will weakly depend upon the value of angular mo-
mentum quantum number l. We can define an average
temperature
Tavg =
~
8piM
(∑
l Ω(l)∑
l 1
)
=
~
8piM
(√
3
)
=
√
3TBH ,
(44)
where, TBH is the usual black hole temperature, given
by the Hawking expression [61]. Here again we observed
that the Goldstone modes are inherently thermal in na-
ture. The obtained temperature is proportional to the
Hawking expression for that of the Schwarzschild hori-
zon.
From the analysis so far what we can infer is that since
the origin of the Goldstone modes are associated with
the breaking of symmetries of the horizon, those modes
can be a potential candidate for the microscopic states
of a black hole. Quantum mechanically all those states
turned out to be thermal with a specific temperature.
However, origin of different expressions for the tempera-
ture compared with that of the usual Hawking temper-
ature needs to be explored in detail. Furthermore, na-
ture of degeneracy of those Goldstone states appears to
be dependent upon the spacetime background. Such as
for Rindler spacetime with plane symmetric horizon, all
the modes emerged as degenerate and, therefore, each
mode fills the same temperature. On the other hand for
Schwarzschild black hole this is not the case as the de-
generacy of states has been lifted by the less symmetric
spherical horizon. Nevertheless, we hope that this ther-
mal nature of the Goldstone modes at the quantum level
can be inferred for all types of horizon. We keep this for
our future project.
IV. SUMMARY AND CONCLUSIONS
Microscopic origin of the thermodynamic nature of the
black hole is one of fundamental questions in the theory
of gravity. It is obvious that within the framework of
Einsteinian gravity this question can not be answered.
However, the recent understanding of infrared behavior
of gravity opens up a new avenue towards understand-
ing this question. In the gravitational theory, one of the
interesting infrared properties is the emergence of infi-
nite dimensional symmetry at null infinity which leads
to soft graviton theorem. Over the years it has been
observed that analogous symmetry exists near the null
horizon which can play important role in explaining the
microscopic origin of horizon thermodynamics. Here we
particularly concentrated on the BMS-like symmetry in
the near horizon region. Under the diffeomorphism sym-
metry, appropriate boundary conditions are imposed in
such a way that the near horizon form of the metric re-
mains unchanged. It is observed that in this process the
macroscopic parameters, like mass (surface gravity), get
modified. This change in macroscopic parameters is ar-
gued to be the phenomena of symmetry breaking on the
horizon and corresponding parameter can be viewed as
the Goldstone mode.
In the present paper our main effort was to explore the
dynamics of these Goldstone modes. For the purpose of
our present study, we consider two simple gravitational
background. One is simple Rindler spacetime with flat
Killing horizon and the other one is Schwarzschild black
hole. Our preliminary investigation at tree level reveals
that the horizon is indeed a special place where the dy-
namics of the Goldstone mode in momentum space is
governed by inverse harmonic potential. As mentioned
earlier, in the framework of classical Einsteinian gravity
it is difficult to understand this situation as those modes
are simply unstable. Interestingly, at the quantum level
this instability [56] can have a nice interpretation in terms
of inherent thermality in connection with its chaotic be-
haviour, which may provide us a first glimpse of micro-
scopic view of the horizon thermodynamics. Interest-
ingly, for both the gravitational backgrounds, as expected
the temperature turned out to be proportional to the sur-
face gravity which is similar to the expression (except a
numerical factor) given by Unruh [60] and Hawking [61].
This led us to think that these Goldstone modes might
be candidates for the microscopic description of the hori-
zon thermality. Even more interestingly, we found out
large number of degenerate states for Rindler and qusi-
degenerate states for Schwarzschild black holes which
may be responsible for the horizon entropy. We will take
up these issues in more detail in future publication.
So far we have considered the black hole spacetime
which are static and hence generating only one Goldstone
field. However for a gravitational background having in-
trinsic rotation such as Kerr spacetime, corresponding
analysis of the Goldstone mode dynamics will be more
effective. This is because in this case there will be more
8than one symmetry generator. This topic is now under
investigation. Finally, we want to mention that since the
Goldstone modes are thermal in nature, it might be inter-
esting to look at BMS symmetry in this way hoping that
such an analysis will be able to shed some light towards
the microscopic description of horizon thermodynamics.
Appendix A: Near horizon analysis of Schwarzschild
black hole
As mentioned in the main text, in this section we will
argue that same dynamical equations and solution for the
Goldsonte modes can be obtained starting from the near
horizon metric of the Schwarzschild black hole. The near
horizon form of the Schwarzschild metric can be obtained
by Taylor expansion of all the metric components around
(r − 2M) = r˜ = 0. Therefore, the form of the metric is
given by (in Gaussian null coordinates);
ds2 = −2r˜k dv2 + 2 dvdr˜ + (4M2 + 4r˜M) dΩ2 , (A1)
where the parameter k = 1/4M is essentially the surface
gravity. The diffeomorphsim vector components take fol-
lowing form in the near horizon limit,
ζa∂a = F (v, y, z)∂v − r˜∂vF (v, y, z)∂r˜
−r˜∂AF (v, y, z)∂A ; (A2)
F is the only unknown function of coordinates, called as
super-translation parameter. To construct the modified
metric we follow the same procedure as described in our
main text, and it takes the following form:
g′ab = g
0
ab + hab
= −2r˜k dv2 + 2 dvdr˜ + (4M2 + 4r˜M)γABdxAdxB
+
[
− 2r˜(k∂vF + ∂2vF )
]
dv2 +
[
− 2r˜(k ∂AF
+ ∂A∂vF )
]
dvdxA +
[
− 4r˜MγAB∂vF
− 2r˜(∂EFγDE∂DγAB + γAD ∂B(∂EFγDE))
]
dxAdxB .
(A3)
Following the same prescription described in the main
text we obtain the action for the Goldstone mode as,
A =
1
8piG
M
∫
d3x
[
− 2 sin θ + 8 csc θ∂v∂2φF
+
−3
2(2M)2
csc θ ∂φF∂φF − 3
2(2M)2
sin θ ∂θF∂θF
+ 4 sin θ ∂vF∂vF − 3
M
csc θ ∂φF∂v∂φF
+
1
M
cos θ ∂θF∂vF − 3
M
sin θ ∂θF∂θ∂vF
+ 4 cos θ ∂θF∂
2
vF +
1
M
csc θ ∂2φF∂vF + 4 csc θ ∂
2
φF∂
2
vF
+
1
M
sin θ ∂2θF∂vF + 4 sin θ ∂
2
θF∂
2
vF − 6 csc θ (∂v∂φF )2
− 6 sin θ (∂v∂θF )2 + 8 sin θ ∂vF∂2vF
]
. (A4)
Now we can see that the action (A4) so constructed from
the near horizon metric contains three types of terms.
The ones which are independent and linear in F , can
be traced back from their origin which can be transmit-
ted to the fact that the near horizon geometry of the
Schwarzschild black hole is Rindler times a sphere, and it
does not satisfy the background Einstein’s equation. We,
therefore, ignore those terms as they can also be made
total derivative. Non-trivial dynamics of the Goldstone
modes are attributed to second order term in F in the
action, and it can be easily checked that those terms are
exactly the same as in (31) up to a total derivative. As a
result with a proper prescription, full spacetime geome-
try as well as near horizon geometry of the Schwarzschild
background are giving rise to the same Goldstone mode
dynamics.
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